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Abstract 

In this note we compute Leibniz algebra deformations of the 3- dimensional 
nilpotent Lie algebra 113 and compare it with its Lie deformations. It turns 
out that there are 3 extra Leibniz deformations. We also describe the ver- 
sal Leibniz deformation of 113 with the versal base. 

Keywords: Nilpotent Lie algebra, Leibniz algebra, cohomology, infinitesi- 
mal, versal deformation. 

Mathematics Subject Classifications (2000): 13D10, 14D15, 13D03. 



1 Introduction 

Since a Lie algebra is also a Leibniz algebra, a natural question arises. If we 
consider a Lie algebra as a Leibniz algebra and compute its Leibniz algebra 
deformations, is it true that we can get more Leibniz algebra deformations, 
than just the Lie deformations of the original Lie algebra ? 

In this note we will demonstrate the problem on a three dimensional Lie 
algebra example for which we completely describe its versal Lie deformation 
and versal Leibniz deformation. It turns out that beside the Lie deformations 
we get three non-equivalent Leibniz deformations which are not Lie algebras. 

Our example is the following. Consider a three dimensional vector space L 
spanned by {ei, e2, 63} over C. Define the Heiscnberg Lie algebra ri3 on it with 
the bracket matrix 

/ 1 
A= 
\ 
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Here the columns are the Lie brackets [ei,e2], [ei,e3] and [e2,e 3 ]. That means 
[c2> 63] = ei and all the other brackets are zero (except of course [e$, e-2\ — — ei). 
This is the only nilpotent three dimensional Lie algebra. We compute infinites- 
imal Lie and Leibniz deformations and show that there are three additional 
Leibniz cocycles beside the five Lie cocycles. We will show that all these in- 
finitesimal deformations are extendable without any obstructions. We also de- 
scribe the versal Leibniz deformation. 

The structure of the paper is as follows. In Section 1 we recall the necessary 
preliminaries about Lie and Leibniz cohomology and deformations. In Section 2 
we recall the classification of three dimensional Lie algebras and describe all non- 
equivalent deformations of the nilpotent Lie algebra n :j . In Section 3 we give 
the classification of three dimensional nilpotent Leibniz algebras. Among those 
ri3 is the only nontrivial Lie algebra. Then we compute Leibniz cohomology 
and give explicitly all non-equivalent infinitesimal deformations. In Section 4 
we show that all infinitesimal deformations are extendable as all the Massey 
squares turn out to be zero. We identify our deformations with the classified 
objects. Finally we show that the versal Leibniz deformation is the universal 
infinitesimal one, and describe the base of the versal deformation. 

2 Preliminaries 

Let us recall first the Lie algebra cohomology. 

Definition 2.1. Suppose g is a Lie algebra and A is a module over g. Then 
a q- dimensional cochain of the Lie algebra g with coefficients in A is a skew 
-symmetric q-linear map on g with values in A; the space of all such cochains is 
denoted by C q (g;A). Thus, C q (g;A) = Hom(A q g, A); this last representation 
transforms C q (g; A) into a g-module. The differential 

d = d q :C q (g:A)^C q+1 (g;A) 

is defined by the formula 

dc(gi, ■ ■ ■ ,g q+ i) = (- 1 ) s+ *~ lc ([5 S; 5t],5i I ,9q+i) 

l<s<t<q+l 

Y (- l ) s {9s,c{gi, ■ ■ ■ ,9q+i)], 

l<s<q+l 

where c e C q (g; A) and 31, • • • ,g q+1 G g. 

We complete the definition by putting C q (g;A) = for q < 0, d q = for 
q < 0. As can be easily checked, d q +i o d q = for all q, so that {C q (g, d q )) is an 
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algebraic complex; this complex is denoted by C* ((g; A)) , while the corresponding 
cohomology is referred to as the cohomology of the Lie algebra Q with coefficients 
in A and is denoted by H q (g; A). 

Leibniz algebras were introduced by J.-L. Loday [7J Let IK denote a field. 

Definition 2.2. A Leibniz algebra is a M>-module L, equipped with a bracket 
operation that satisfies the Leibniz identity: 

[z> [V, z \] = [[ x > y] , A ~ [[ x , z],y], for x, y, z G L. 

Any Lie algebra is automatically a Leibniz algebra, as in the presence of 
antisymmetry, the Jacobi identity is equivalent to the Leibniz identity. More 
examples of Leibniz algebras were given in [Jj [9j , and recently for instance in 

mm- 

Let L be a Leibniz algebra and M a representation of L. By definition, M 
is a K-module equipped with two actions (left and right) of L, 

[—,—]: L X M — ► M and [-,-]: M x L — > M such that 

[x, [y,z]] = - [[a:,«],y] 

holds, whenever one of the variables is from M and the two others from L. 
Define CL n (L;M) := Hom K (L® n ,M), n > 0. Let 

5 n : CL n (L;M) — ► CL n+1 {L;M) 

be a K-homomorphism defined by 

S n f(xi, ■ ■ ■ , x n+ x) 

n+l 

:= [xi,f(x 2 , ■ ■ ■ ,x n+1 )] + ^(-l)*[/(asi, • • ■ ,x n+ t),Xi] 

i=2 

~\~ ^ ( 1)^ fi^li'"' 7 — [Xi> Xj]> Xi-\-l> ' ' ' j^js'*' t-^n+l)* 

l<i<j<)i+l 

Then (CL*(L; M),6) is a cochain complex, whose cohomology is called the co- 
homology of the Leibniz algebra L with coefficients in the representation M. 
The nth cohomology is denoted by HL n (L; M). In particular, L is a repre- 
sentation of itself with the obvious action given by the bracket in L. The nth 
cohomology of L with coefficients in itself is denoted by HL n (L; L). 

Let S n be the symmetric group of n symbols. Recall that a permutation 
a G S p+q is called a (p, (7)-shuffle, if cr(l) < cr(2) < • • ■ < cr(p), and cr(p + 1) < 
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a(p + 2) < • • • < <j(p + q). We denote the set of all (p, g)-shufnes in S p+q by 
Sh{p, q). 

For a 6 CL P+1 (L;L) and 6 CL« +1 (L;i), define a o /3 e CL p+q+1 (L; L) 

by 

a o . . . ,x p+q+ i) 
P+i 

= X]( -1 ) 9(fe-1) { X! sgn(a)a(a;i, . . . , x fc _i, /3(x fc , a; CT(fc+ i) , . . . ,x a{k+q) ), 

fe=l crGSh(g : p-A;+l) 

^o-(fe+g+l): • • • j ^(p+g+l))}' 

The graded cochain module CL*(L; L) — @ CL P (L; L) equipped with the 
bracket defined by 

[a,0] =ao0+(-l)Pi +1 0oa for a S CL P+1 (L; L) and /3 £ CL q+1 {L; L) 

and the differential map d by da = (-l)H,5a for a e CL*{L; L) is a differential 
graded Lie algebra. 

Let now K a field of zero characteristic and the tensor product over K will 
be denoted by ®. We recall the notion of deformation of a Lie (Leibniz) algebra 
q (L) over a commutative algebra base A with a fixed augmentation e : A — > K 
and maximal ideal Assume dim(Wl k /VJl k+1 ) < oo for every k (see [S]). 

Definition 2.3. A deformation X of a Lie algebra g (or a Leibniz algebra L) 
with base {A, 971), or simply with base A is an A-Lie algebra (or an A-Leibniz 
algebra) structure on the tensor product A®q (or A® L) with the bracket 
such that 

e®id: A®q^K®q (or e ® id : A® L —>■ K® L) 
is an A-Lie algebra (A-Leibniz algebra) homomorphism. 

A deformation of the Lie (Leibniz) algebra g (L) with base A is called in- 
finitesimal, or first order, if in addition to this VJl 2 — 0. We call a deformation 
of order k, if VJl k+1 = 0. A deformation with base is called local if A is a local 
algebra over K, which means A has a unique maximal ideal. 

Suppose A is a complete local algebra ( A — lim (A/TV 1 )), where VJl is the 

n — >oo 

maximal ideal in A. Then a deformation of g (L) with base A which is obtained 
as the projective limit of deformations of g (L) with base A/Wl n is called a 
formal deformation of (L). 
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Definition 2.4. Suppose X is a given deformation of L with base (A, 9Jt) and 
augmentation e : A —> K. Let A' be another commutative algebra with identity 
and a fixed augmentation e' : A! — > K. Suppose ip : A — > A' is an algebra 
homomorphism with 0(1) = 1 and e' o <p ~ e. Let fcer(e') = 5DT'. Then the 
push-out 4>*X is the deformation of L with base (A',2Jt') and bracket 

[ax ®a (oi ® Zi), a 2 ®^ («2 <8 Z2)]0,a = a'ia 2 <8u [oi ® Zi, a 2 ® Z 2 ] A 

where a\,o! 2 6 -A', ai,a 2 S A and Zi,Z 2 € L. iiere A' is considered as an 
A-module by the map a' ■ a — a' ' 4>{a) so that 

A' ®L = (A'® A A) ®L = A'® A {A ® L). 

Definition 2.5. (see Let C be a complete local algebra. A formal deforma- 
tion r\ of a Lie algebra g (Leibniz algebra L) with base C is called versal, if 

(i) for any formal deformation X of g (L) with base A there exists a homomor- 
phism f : C — > A such that the deformation X is equivalent to f^rj; 

(ii) if A satisfies the condition 9Jt 2 = 0, then f is unique. 

Theorem 2.6. LfH 2 (g;g) is finite dimensional, then there exists a versal de- 
formation of g (similarly for L). 

Proof. Follows from the general theorem of Schlessinger [11], like it was shown 
for Lie algebras in [3]. □ 

In [3] a construction for a versal deformation of a Lie algebra was given 
and it was generalized to Leibniz algebras in [5] . The computation of a specific 
example is given in |10j . 

Let us describe the universal infinitesimal deformation (see (4] and [5]). For 
simplicity we will only discuss the Leibniz algebra case. 

Assume that dim(HL 2 (L; L)) < oo. Denote the space HL 2 (L;L) by EL 
Consider the algebra C\ = K © H' where H' is the dual of H , by setting 

(fci, hi) ■ (k2,h 2 ) = (fcifc 2 , k\hi + fc 2 /ii) for (ki,hi), (k 2 , h 2 ) G C\. 

Observe that the second summand is an ideal of C\ with zero multiplication. 
Fix a homomorphism 

(j, : H — ► CL 2 (L; L) = Hom{L® 2 ; L) 

which takes a cohomology class into a cocycle representing it. Notice that there 
is an isomorphism H' ® L = Hom(M ;L), so we have 

Ci®I=(KffiH>L~(K®i)©(H'®L)=L© Hom(M ; L). 
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Using the above identification, define a Leibniz bracket on C\ ® L as follows. 
For (h,fa), {hifa) e L®Hom(W ; L) let 

[{h,fa),{h,fa)] m = ([li,h},4>) 

where the map ip : H — > L is given by 

ip(a) = Ai(a)(f lt k) + [fa(a),l 2 ] + [h,fa( a )] for a G HI . 

It is straightforward to check that C\® L along with the above bracket 771 is a 
Leibniz algebra over C\. The Leibniz identity is a consequence of the fact that 
Sfi(a) — for a G H . Thus r\\ is an infinitesimal deformation of L with base 
Cx = K® HP. It is proved in [5]: 

Proposition 2.7. C/p to an isomorphism, the deformation r\\ does not depend 
on the choice of fi. 

Remark 2.8. Suppose {/ii}i<;<n is a basis o/H and {gi}\<i< n is the dual basis. 
Let /J,(hi) = ^ € CL 2 (L; L). Under the identification C\®L = L(BHom(M ; L), 
an element (I, fa € L®Hom(M ; L) corresponds to 1®^+X^i=i 5« ® <l>(hi)- Then 
for (li, 4>i), (I2, fa) _ffom(H; L) their bracket ([h, I2], tp) corresponds to 

n 

1 ® [h,h] + J^g* ® (fJ-i(h,h) + [<t>i( h i), h] + [h, M h i)})- 

8=1 

In particular, for l\,k £ L we have 

n 

[l®h,l®h] m = l®[li,h] + ^2gi® ^{hih)- 

i=l 

The main property of 771 is the universality in the class of infinitesimal de- 
formations with a finite dimensional base. 

Proposition 2.9. For any infinitesimal deformation X of a Leibniz algebra L 
with a finite dimensional base A there exists a unique homomorphism <f> : C\ = 
(K © HP) — ► A such that A is equivalent to the push-out fa±r\\. 

After obtaining the universal infinitesimal deformation we could like to ex- 
tend it to higher order. If we have a universal infinitesimal deformation with 
basis cocycles {4>i} r i=i , the obstructions to extend it to a second order deforma- 
tion are the Lie brackets [fa, fa;] in the cochain complex (sec 3 ( 5j). This arc also 
called first order Massey operations. If these bracket cochains are coboundaries 
we can extend our infinitesimal to the second order deformation. The construc- 
tion of a versal deformation for Leibniz algebras is given in [5] . 
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3 Deformations of the three dimensional Lie al- 
gebra tl3 

Let us recall the classification of three dimensional complex Lie algebras. Fix a 
basis {ei, e2, £3}- The nilpotent algebra 113 with the commutator matrix 




The solvable algebra r^i with the matrix 

/ 1 
1 
\ 

The simple Lie algebra SI2 with the matrix 

/ 





and the projective family of pairwise non isomorphic algebras d{r : s) with the 
matrix 

/ r 1 
0s 
v 

In [6] the moduli space of these Lie algebras is described with the help of versal 
deformations. Let us recall the results for the nilpotent Lie algebra n.3. 
The cohomology spaces of the classified algebras are as follows. 

Type H 1 H 2 H 3 

n 3 4 5 2 

d = t 3 ,i 3 3 

d(l : 1) = t 3 110 

d(r :s) 110 

d(l : 0) = t 2 © C 2 1 

d{l : -1) = r 3 ,_i 1 2 1 

sl 2 
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We get ff 2 (n 3 ;n 3 ) is five dimensional. Let us give explicit representative 
cocycles which form the basis of -ff 2 (n 3 ; n 3 ). We give the non zero values. 



(i) h 


/i(e 2 ,e 3 ) 


= e 3 


(2)/ 2 


/2(ei,e 2 ) 


= e 2 


(3) h 


/3(ei,e 2 ) 


= e 3 


(4)/4 


/4(ei,e 3 ) 


= ei 


(5) h 


/5(ei,e 3 ) 


= e 2 



-e 3 ; 



It is easy to check that all the Massey brackets are zero. So the universal 
infinitesimal deformation is versal and is given by the matrix 




Let us check that how our infinitesimal deformation (which are real defor- 
mations) fit in the moduli space of three dimensional Lie algebras. 
The first deformation with cocycle /1 has the matrix 

/ 1 \ 

. 
\ t J 

which is equivalent to t 2 © C. 

The second deformation with cocycle / 2 has the matrix 

/ 



t 

V 



-t 



which is equivalent to sl 2 . 

The third deformation with cocycle / 3 has the matrix 




which is equivalent to r 3i _i. 

The fourth deformation with cocycle f± has the matrix 

/ t 1 \ 

. 
v j 
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which is equivalent to t 2 © C. 

The fifth deformation with cocycle /s has the matrix 

/ 1 \ 

t . 
v / 

which is equivalent to t 3 ,_i. 

The first deformation is equivalent to 0(2, the second and fourth deformations 
give the Lie algebra t3._i that means that the Lie algebra ri3 deforms to the 
family in two different ways. The third and fifth deformations are equivalent to 
X2 © C. which means that TI3 deforms to t2 © C in two different ways. 

4 Leibniz deformations of TI3 

The classification of three dimensional nilpotent Leibniz algebras is known. Let 
us recall the definition. 

We take L 1 = L, L k+1 = [L k , L] for k E N. 

Definition 4.1. A Leibniz algebra L is called nilpotent if there exists an integer 
n G N such that 

L 1 D L 2 D . . . D L" = 0. 

The smallest integer n for which L n = is called the nilindex of L. 

The classification of complex nilpotent Leibniz algebras up to isomorphism 
for dimension 2 and 3 is in [7] and pQ. In dimension three there are five non 
isomorphic algebras and one infinite family of pairwise not isomorphic algebras. 
The list of this classification is given below. 

Ai : abelian 

A2 : [ei, ei] = e 2 

A3: [e2,e 3 ] = ei, [e 3 ,e 2 ] = -ei 

A 4 : [e 2 , e 2 ] = e x , [e 3 , e 3 ] = aei, [e 2 , e 3 ] =e l ;a6C 

A5 : [e 2 , e 2 ] = ex, [e 3 , e 2 ] = ex, [e 2 , e 3 ] = ex 

A6 : [e 3 ,e 3 ] = ex, [ei,e 3 ] = e 2 

Let us mention that in this list only A 3 is a Lie algebra. This is the one which 
is denoted by ri3 and this is the case we are computing. 

Now we consider the Leibniz algebra L = A3 = 1x3 and compute its second 
Leibniz cohomology space. 
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Our computation consists of the following steps: 

(i) To determine a basis of the space of cocycles ZL 2 (L;L), 

(ii) to find out a basis of the coboundary space BL 2 (L; L), 
(hi) to determine the quotient space HL 2 (L;L). 

(i) Let tl> £ ZL 2 (L; L). Then ip : L<g>2 — ► L is a linear map and Sip = 0, where 

5il)(ei,ej,e k ) = [ei,ip(ej,e k )\ + [tp(ei,e k ),ej] - [^(e», ej), e k ] - ip([ei,ej],e k ) 
+ tp(e l , [ej,e k ]) + ip([ei, e k ], ej) for < i,j,k < 3. 

Suppose ip(ei,ej) — Y^it=i a i,j ek wnere a ij £ C ; for 1 < i,j,k < 3. Since 
Sip = equating the coefficients of ei,e2 and e 3 in 5ip(ei,ej,e k ) we get the 
following relations: 

(i) a{ A = a\ x = al A = 0; 

(U) a\ 2 = — «2,1' fl l,2 = ~ a 2,l' fl l,2 — ~ a 2,l' 

(Hi) a\ 3 = —031; a\ 3 — — a 31 ; a\ 3 = — a 31 ; 

(iv) a\ 2 = a\ 2 = 0; 

(v) a 2 . 3 = — (X3 2; »2,3 = — a 3,2; 

(?n) a§ )3 = 0^3 = 0; 

H «1,2 = ~ a l,3 

Observe that there is no relation among a\ 2 ,a\ 3? a \ 2 ar± d a 3,3- Therefore, in 
terms of the ordered basis {e\ <g> e\, e\ <g> e2, ei <g> es, e 2 <S> ei, e2 <S> e 2 , e 2 <S> e3, es ® 
ei, e3 <g> e2, e 3 e 3 } of L® 2 and {e\,e 2 , e 3 } of L,the matrix corresponding to r/> 
is of the form 

(0 Xg X4 —Xg X@ X-j —X4 Xio In \ 

x 2 x 5 -x 2 x s -x 5 —x s 
x 3 -x 2 -X3 xi x 2 -x\ ) 

where x\ = a| 3 ; x 2 = a\ 2 , x 3 = a\ 2 ; x 4 = a{ 3 ; x 5 = a\ 3 ; x 6 = a\ 2 ; 

x 7 = a\ 3 ; x 8 = a\ 3 , x 9 = a\ 2 ; x w = a\ 2 ; and x n = a\ i3 

are in C . Let £ ZL 2 (L:L) for 1 < i < 11, be the cocycle with Xi = 1 and 
Xj = for i ^ j in the above matrix of ip. It is easy to check that {(pi, ■ ■ ■ , cpu} 
forms a basis of ZL 2 (L; L). 

(ii) Let tpo G BL 2 (L;L). WehaveV'o = 5g for some l-cochaing £ CL X (L;L) = 
Hom(L;L). Suppose the matrix associated to ip is same as the above matrix 
M. 

Let g(&i) = gjei + g 2 e 2 + gfe^ for i = 1,2, 3. The matrix associated to g is 
given by 
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/ g\ a\ a\ \ 

2 2 2 

91 32 33 • 
\ 3i 3l 33 / 
From the definition of coboundary we get 

5g(ei,ej) = [e u g{ej)] + [g{ei),ej] - ip([e u ej]) 

for 1 < i,j < 3. The matrix Sg can be written as 

(0 -gt g\ g\ -(3i- 32 2 + 3 3 3 ) ~9\ (dl 3 2 2 + 3 3 3 ) \ 

-3i 5? . 

v ~9i 9i / 

Since = ^3 is also a cocycle in CL 2 (L;L), comparing matrices Sg and M 
we conclude that the matrix of ip is of the form 

/ x\ X4 —Xi x-j —x 4 —X'j \ 

-x 4 Xi 
\ xi -zi j 

Let 0/ G BL 2 (L;L) for i = 1,4, 7 be the coboundary with Xi = 1 and £j = 
for i ^ j in the above matrix of -0O- It follows that {fa 7 , <f>' s , 4>' 9 } forms a basis of 
the coboundary space BL 2 (L; L). 

(iii) It is straightforward to check that 

{[fa], [<h]MMMMd4>io],[<hi]} 

span HL 2 (L;L) where [fa] denotes the cohomology class represented by the 
cocycle fa. 

Thus dim(HL 2 (L:L)) = 8. 

The representative cocycles of the cohomology classes forming a basis of 
HL 2 (L; L) are given explicitly below, we give the non zero values. 

(1) fa : fa(e 2 ,e 3 ) = e 3 , 0i(e 3 ,e 2 ) = -e 3 

(2) fa ■ fa(ei,e 2 ) = e 2 , 2 (e 2 , ei) = -e 2 , fa(ei, e 3 ) = -e 3 , 2 (e 3 , ei) = e 3 ; 

(3) 3 : 3 (ei,e 2 ) = e 3 , 3 (e 2 ,ei) = -e 3 ; 

(4) (/) 4 : 04(ei,e 3 ) = ei, 4 (e 3 ,ei) = -ei; 

(5) 05 : <fc(ei,e 3 ) = e 2 , 5 (e 3 ,ei) = -e 2 ; 

(6) 6 : 6 (e 2 ,e 2 ) = ei; 

(7) 0io : 0io(e3,e 2 ) = e\; 

(8) 0ii : 0n(e 3 ,e 3 ) = e x ; 
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Consider, fa = fiQ + t<fri for i = 1,2,3,4,5,6,10,11, where fio denotes the 
original bracket in L. This gives 8 non-equivalent infinitesimal deformations of 
L. 

Here 0i , 02 , 03 , 04 , 05 are skew-symmetric, so 4>i S Hom(A 2 L; L) C Hom(L®'- 
for 1 < i < 5. This are exactly the cocycles presented in the previous section. 

The last three cocycles define Leibniz deformations, more precisely their 
infinitesimal part. The Leibniz 2-cocycle 06 defines the infinitesimal deformation 
with matrix 

oooot 1 -1 \ 
0000000 00 . 
0000000 00/ 

010 defines the infinitesimal deformation with matrix 

00000 1 i-1 \ 
0000000 . 
0000000 0/ 

011 defines the infinitesimal deformation with matrix 

/0000010-lt\ 

0000000 00 . 
^0000000 00/ 

It is interesting to realize that all the three Leibniz deformations are nilpotent 
and they are real deformation. So they can be identified with the given list. 
Namely the fie is combination of A3 and A2 . /iio is combination of A2 , A3 and 
A6- /in is combination of A2 and A3. 

Remark 4.2. Notice here that fi — (pi for i = 1, • • • , 5. So, if we consider the 
infinitesimal deformations of the Leibniz algebra L, that automatically contain 
all infinitesimal Lie algebra deformations. It is interesting to note that we get 
few more deformations of the original bracket /io giving different Leibniz algebra 
structures, by considering the Leibniz algebra deformation. 

In order to get a simpler expression for the nontrivial cocycles let us denote 
0i, • • • , 6 by 0i, • • • , 6 , 0io by 7 and 0n by 8 . 

First we describe the universal infinitesimal deformation for L. Let us denote 
a basis of HL 2 (L;L)' by {/i}i<i<8- By Remark 12.81 the universal infinitesimal 
deformation of L can be written as 

8 

[1 (g> ei, 1 ® ej] Vl = 1 ® [e 4 , ej] + ^2 U ® 4>i( e i, e?) 

»=i 

with base C\ = C ©i<i<8 C U. 
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5 Extension of the infinitesimal deformation 



Let us try now to extend the universal infinitesimal deformation. All the 8 
infinitesimal deformations considered as one parameter deformations are real 
deformations as [0i,0,] = for i = 1, • • ■ ,8. Now let us consider the mixed 
brackets [0i, <j>j] for i ^ j. For the Lie part we get that 



[01,02], [01,05], [03,04] 

give nontrivial 3-cochains from which two of them are linearly independent. We 
get two relations on the parameter space: 

ht 2 + t 3 U = 
hh = 0. 

This way the versal Lie deformation [, ] Vl of the Lie algebra ri3 is defined by 
the infinitesimal part as follows. 

[ei,e 2 } Vl = t 2 e 2 + t 3 e 3 

[ei , e 3 ] Vl = i 4 ei + t 5 e 2 - t 2 e 3 

[e 2 , e 3 ] Vl = ei + tie?, 

The versal basis is the factor space 

C[[ii, t 2 , t 3 , t 4 ,£ 5 ]]/ {tit5,tit 2 + t^ti}. 

The cocycles corresponding to only Leibniz algebras result in trivial mixed 
brackets: 

[0 fc ,0;] =0for k,l = 6,7,8. 

If we take the bracket of a cocycle from the Lie set and take the bracket with 
a cocycle from the Leibniz set, it turns out that not all the Massey brackets are 
trivial. Namely, 

[02,06], [03,06], [05,06], [03,0io], [05,0io], [02,01l], [03,01l], and [05, 01l] 

are nontrivial three cochains. They give us second order relation on the base of 
the versal deformation: 

t 5 t 7 = 0, t 3 t 6 = 0, t 5 t e = 0, t 5 t$ = 0, t 3 t$ = 0,t 2 t 8 , t 3 t 7 and t 2 t 6 = 0. 

together with the relations for the Lie part we get all the second order relations 
for the base of the Leibniz versal deformation. 



13 



As no higher order brackets show up we get that the versal Leibniz defor- 
mation [, ] v is defined as follows. 

[ei,ei].„ = 

[ei, e 2 ] v = t 2 e 2 + t 3 e 3 

[ei, e 3 ] v = i 4 ei + t 5 e 2 - t 2 e 3 

[e 2 , ei] v = -t 2 e 2 - t 3 e 3 

[e 2 , e 2 ] v = hei 

[e 2 , e 3 ] v = ei + he 3 

[e 3 , ei]„ = -Ue-i - t 5 e 2 + t 2 e 3 

[e 3 ,e 2 ]„ = {t 7 - l)ei - he 3 

[e-3, e 3 ]v = hex 

The base of the versal Leibniz deformation is the factor space 

C[[ti, ■ ■ • , t$]]/ < tits, t\t 2 + t 3 t4,t 2 te, t^te, t 3 ts, t^tf, t 3 t$, t 2 ts,t 3 tr, t^ts > . 
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